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The criterion of existence of an integral linear with respect to generalized vel~
ocities over the set of trajectories with the same total energy is proved for
conservative dynamic systems with two degrees of freedom.

1, Birkhoff had formulated the problem of determining the conditions under which
the Lagrange equations [1, 2] composed for function

L=Ty+Ti+To+U, Ta=Yga;qtq?, Ty=aqt (¢ =dg/dt) (LD

(aij, a;, Ty, and U are functions of generalized coordinates ¢' and ¢® of the
dynamic system, and the recurrent indices denote summation in the range from unity
to two) together with the supplementary equation

T2 - To — U = h
have an integral of the form
£; (g% ¢¥) ¢t +E (g% ¢%) = const (1.2

which in [2] was called conditional, It generally exists only for certain fixed values
of the constant .

In a two~dimensional Riemennian space with linear element
ds? = 2T,dt? = a;;dg'dq’
it is always possible to introduce isothermal coordinates R' and R? [3]in waich
dst = p (R, R¥) [(dRY? + (dR%Y)

Because of this Birkhoff assumed that the Lagrangian (1, 1) is already specified in
isothermal coordinates. It was shown on this basis in [1, 2] that integral (1. 2) makes
possible a point transformation of coordinates and a nonholonomic substitution of the
independent variable integral, such that in the new variables @' and Q% ,+v the
Lagrangian L -+ ¢'%9;b (8; = @/ 9¢*, b (¢', ¢°)  is some function) assumes the form

{ /4O 2 dQ2\2 dQt dQ? (1.3)
LBZT[(“EQF} - (3 )J*““ v T8 g

with the ignorable coordinate. The converse statement is evidently also true. The
point transformation of coordinates and the substitution of 4t in [1,2] are expressed
in terms of coefficients of the sought linear integral, hence we only have an equival-
ent formulation of the problem posed above.

Isothermal coordinates are not uniquely determined [3], since the variables Re [f
(R* + iR®] and Im [f(R! -+ iR%] , where f is an arbitrary analytic function (i =
¥ — 1). are also isothermal coordinates, The formulas for passing from the specified
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generalized coordinates ¢! and 42 to a system of some isothermal coordinates can,
for instance, be achieved by integrating the differential equation

aydqt + (are + Var)? — anayp) dg? =0

and take the real and imaginary parts of its general integral as the new coordinates,
Other known methods of passing to isothermal coordinates are also associated with
integration of differential equations. Because of this it is interesting to establish the
criterion of existence of variables

F=QE M =@ (.4
dt
=T 5 (1.5)

in which the Lagrangian is of the form (1.3) with an ignorable coordinate, and ¢
and ¢* are arbitrarily selected generalized coordinates of the system, The problem
of Birkhoff is solved below in such formulation,

Note that transformation (1. 4) preserves the Lagrangian form of equations, while
the substitution (1.5) generally does not, as shown by that the Lagrange equations con-
stituted for function (1, 1) assume, after the substitution (1, 5), the form

* % Tk 18 .
_'_1_6_7:7_271_._,_._1(;‘,[1)_ 'l—-TO—U L0 (=12 (1,6)
dt aq’ aq’ aq’ A aq’

., dg 1 s &
¢ ==, THF=THFTHF+AT, Tet=gra;0 ¢, T*=ayg

However, by restricting the analysis to isoenergetic trajectories of the system [1,
2,4] Egs. (1. 6) can be reduced to the form of Lagrange equations in terms of functions

L* = T,* + Ty + A (T + U+ R (L7

Comparison of terms quadratic with respect to velocities in formulas (1, 3) and (1, 7)
of the system Lagrangian shows that coordinates (1.4) are isothermal,

2, Let us consider the case of the reversible dynamic system [1,2], i.e, when
T = Tz.
We introduce the Riemannian space metric
drt = (U + h) a;;de*dg! = b;;dq*dg’ (2.1
which corresponds to the principle of least action in Jacobi's form. The Gaussian curw
ature of that space is [5]

bll' albI]J azbll
big, 01b1a, Ogbre
bog, O1bam, Ogbes

(8% = byy byy -~ (b1a)?)
We denote | grad K |* and div grad X respectively by

L[a, ( 0211 — 01b1s )—“‘31 (32’712;311’22)] (2.2)

K=7 — 23 5

i 1 ij (2.3)
AK =b"0,K0,K, BK = 0, (8670;K)
The following theorem is valid,
Theorem 1, For the existence in the reversible dynamic system of integral
(1.2), conditional in Birkhoff's meaning, it is necessary and sufficient if for k fixed
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with respect to ¢' and ¢* the following conditions are satisfied:
(2.49)
(2.9)

K == const
J (MK, K) =0, J(AK, K)=0

(J {f, w) is the Jacobian of functions f and w).

Proof, The necessity, Ifintegral(1,2) obtains for some value of the
constant % , the Lagrange function of the dynamic system in coordinates (1, 4} is of
the form

L= (Q', Q) [{QP 4 (Q#P] + U (Q4 Q¥

After effecting the substitution (1. 5) with A = » we obtain a Lagrangian of the form

o= [(42) 5 (42T 2

in which function = {U 4~ k) does not contain at least one of coordinates @Q* or Q.
Consequently, (2.1) represents the metric of rotation [3, 6], since in coordinates Q!
and Q*

dit = % (U + k) [(dQ1)® + (dQ¥)?] (2.7)

Formulas (2, 4} and (2. 5) represent the known necessary and sufficient conditions
for an arbitrary metric of the form (2. 1) to be a metric of rotation.

The sufficiency. Letusassume that condition (2,4) or (2. 5) is satisfied
for some h . Then (2.,1) represent the metric of rotation and there exist generalized
coordinates (1,4) in which it is expressed in the form (2,7) with an ignorable coordin-
ate, for example, ¢® . In the variables Q% Q% and T (dt == %d7) the Lagrangian of
the systern assumes the form (2.2}, Hence the relation ¥ = const is the integral
of the system in the set of iso-energetic trajectories that correspond to the considered
value of h. The theorem is proved,

Remarks, 1°, The checking of condition (2, 5) can be simplified by substitut~
ing some function @ (X) for curvature K . The result remains unchanged, since
for any arbitrary function @ (X)

AD (K) = [0 (B)PAK, A (K) = @ (K) MK + D' (B) AK (2.8

2°, Let us assume that K =£ const and that conditions (2. 5) of the theorem are
satisfied. Using appropriate geometric data [3, 6] it is not difficult to establish that
the most general point transformation that reduces the linear element (2, 1) to the
form of ignorable coordinate Q% is provided by formulas

Q' =n(®), 0= Sp [(5a1 01D — by,230) dgt -+ (b ® — by, ®) dg?] + (2.9)
1 * AD
v@), b= exn (—\ g d®)

where @ (K), w, and + are ambitrary independent functions. Obviously the coordin-
ates Q' and @QF are isothermal then and only then when

» 4 A@ 2
p=0, "](CD)_—_—:%:Sexp (-\ =5 a0) i@ (2.10)

If K = const, then instead of function ® (K)which generates transformation (2. 9)



Solution of one of Birkhoff*s problems 1251

it is possible to take any nontrivial solution y (g, ¢%) of the system of equations
dy; = (Cri’ys — Kyby) dg”,  dy = yidg? (2.11)
sf
[0 =13 (9;b,; -+ 8,b;;— 3b;,)
which for K = const represents a system in total differentials with three unknown fun-
ctions y, v, and y, [6].

3. According to Levi's theorem [7] extended by Whittaker [8] conditions (2,4) and
(2. 5) provide a criterion of existence of the linear integral of equations that are geodes-
ic in the space with metric (2,1), When X == const , this Birkhoff's conditional in-
tegral is determined by a single quadrature in variables ¢, ¢, and ¢ is of the form

b7v.0,K AK
# exp (S AR dK) =const (v =— ¢}, vo = q16)

This integral is general, since its total time derivative vanishes by  virtue of
Lagrange equations, generally not identically, but only on isoenergetic trajectories of
the system that correspond to some specific values of constant k. Its constant of
integration is, however, arbitrary,

Example, Let ’

T=95@%+y) U=g
where function ¢ (x, y)is positive and does not satisfy any equation of the form
(3 / 82)2 + (99 / 0y)2 = F (9)
The systemn has no general linear integrals, since the necessary condition J (A, U,
U) = U [9]is not satisfied, However, if 2 = 0 , there are three conditional linear
integrals
2 /@ =const, y' /¢ = const, 1/ ¢ (x'y — y'x) = const

3., Let us consider the general case of (1.1). We replace (2, 1) by the metric
dP = (Ty + U -+ h) a;;dgtdg’ = b;jdqidg’ 8.1
and denote by K the Gaussian cutvature of the two dimensional space with that met-
ric, and by a the vector with covariant components 4, and 4.
Theorem 2. Let K == const. The Birkhoff's conditional integral (1. 2) exists
then and only then when conditions (2, 5) are satisfied and

1
J(rota, K)=0, rota =g (33— 921)) (3.2

Pr oo f. Conditions (2, 5) are necessary (the proof is similar to that of Theorem

1, but for the case of metric (3.1)), If the Lagrangian L + q'9;b in variables Q!,
Q* , and T is of the form (1.3) in which, for instance, (* is the ignorable coord-
inate, then, as already noted, coordinates Q' and (* must be related to the input
coordinates ¢' and ¢* by formulas (2, 9) and (2.10), Hence, taking into account
the expressions for 7,* , it is necessary that
(a; + 0yb) dg* - (az + 3pb) dg® = ((by;0,P — by30,D) dg* +
(bga0, P — 61282(1)) dg®]
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where ¥ is some function of ¢ . From this we find that
d > A Ay®
rot a = AI(DE [X exp (— Sm‘ d(l))] + Ay, @Y exp (-—- S AD dCD)
i.e. rota isa function of X.

Converse reasoning is used for proving the sufficiency conditions (2. 5) and (3. 2).
The theorem is proved,

Remarks, 1°, If K= const, then the necessary and sufficient condition of
existence of Birkhoff's conditional integral (1, 2) is the existence of the nontrivial sol-
ution ¥ (7%, 9% of Egs. (2.11) for which

J (rota, y) =0 (3.3)

Test of this condition can be carried out without prior integration of Egs. (2, 11).

2° Birkhoff had noted [1] that when the system has a conditional linear integral
and rot a == const, the set of lines rot a = const belongs to some isothermal net on
the characteristic surface. The coordinate lines Q! = const and Q? = const can
be selected as the coordinate lines of that net, so that an ignorable coordinate would
appear in the related Lagrange function (1.3).

As previously shown, such isothermal net is the sought parametrization defined by
Egs, (2.9) and (2, 10) that are also valid in the case of rot a = const.

4, Let K == const. According to(3.1) and (2,2) K is a rational expression of
k whose numerator is a second power polynomial of % and the denorminator is the
product of (U -+ h)* into some function of coordinates which does not contain 4.
Consequently formulas (2. 5) and (3, 2) yield algebraic equations of the tenth, eighth,
and fourth powers of » with coefficients that are functions of coordinates, This prov-
es the following theorem,

Theorem 3. When K = const ,the number of different values of the con-
stant of the integral for which conditional linear integrals exist cannot be higher than
ten, This is evidently a very rough estimate,

If conditions (2, 5) and (3. 2) or (2.4) and (3. 3) are identically satisfied with respect
to h, the system Lagrangian can be reduced to the form with an ignorable coordin-
ate only by point transformation,The corresponding necessary and sufficient conditions
for the force function in the case of reversible systems with two degrees of freedom
were obtained in [10], and in terms of operators A; and A, (2.3) are given in [9].

5, Having chosen some isothermal coordinates (1.4) it is possible, using (1.5), to
reduce the system Lagrangian to the form (1.8) in which y =24 (7o~ U + &) .
Function (1. 3) then generally depends on both coordinates Q' and Q2 , Hence it is
possible to formulate the problem of determination of conditions of existence in the
dynamic system of the conditional linear integral for the Lagrangian (1, 3) without loss
of generality. This approach was used in [1, 2, 11, 12], Two necessary conditions of
the considered problem were obtained in [11,12] in a form that permits their test.
They are of the same form for s=1Ilny and s=1Ino

SnnIg — Jenn Sgeon — Ien%e ) (5.1
(SE+2 02 + 5,2 )571:(371"}‘2 62 -+ 0,2 O

E=Q, m=Q, 0= (Mg + o) XD (—A), © = ay — By
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(the subscripts denote variables with respect to which partial differentiation is carried
out),

It can be shown, however, that these conditions are not sufficient, singce in coord-
inates §, and M the linear element (3.1) di2 =17y (482 + dn?) , hence for A = lny
we have ¢ = —2K, (0y® + 0y?) exp (—s) = 44; X and condition (5. 1) of the form

JMK KYy=0 (5.2
For s=Inw wesimilarly have o=[—2K 4 A;(Inrota)]/rota, o = v
rot a , and condition (5, 1) of the form

(g e =0 &2

In conformity with (2, 5), (3.2) and (2, 8) conditions (5, 2) and (5, 3) must actually
be satisfied, but they do not contain the second necessary condition from (2, 5) which
is independent of the remaining conditions (2. 5) and (3., 2). Because of this, by Theor-
em 2, these conditions are not sufficient,

The author thanks V, V, Rumiantsev for useful remarks and discussion of results,

REFERENCES

1, Birkhoff, G. D., Dynamical systems with two degrees of freedom, Trans,
Amer, Math, Soc., Vol, 18, No.2, 1917,

2, Birkhoff, G. D,, Dynamical Systems, American Math, Society, Publication
No,. 9, Providence, 1927,

3, Bukreev, B, Ia., Course of Differential and Integral Calculus Application in
Geometry: Elements of the Theory of Surfaces, Kiev, 1900,

4, Whitner, A, Analytical Fundamentals of Celestial Mechanics, Moscow,"Nauka3}
1064,

5. Pogorelov, A, V., Lectures on Differential Geometry, Izd, Khatkov Univ,,
1967,

6., Shulikovskii, V. 1, Classical Differential Geometry in Tensor Presentat-
fon, Moscow, Fizmatgiz, 1963.

7. Lévy, M., Surles conditions qu‘une forme quadratique de n differéntielles puisse
2tre transformée de fagon que ses coéfficients perdent une partie ou la totalité
des variables qu’ils renferment, Paris, Compt. Rend., Vol. 86, 1878,

8., Whittaker, E, T., Analytical Dynamics, Dover Publications, New York,
1944,

9. Sumbatov, A, S., On the problem of determining the existance of ignorable
coordinates in conservative dynamic systems, PMM, Voo, 42, No, 1, 1978,

10,Synge, J. L., On the geometry of dynamics. Philos. Trans. Roy. Soc, London
A, Vol, 226, No, 837, 1926,



1254 A, S, Sumbatov

11, Kharlamov, M, P., On the conditionally linear integral of equations of
motion of a solid body with a fixed point. Izv, Akad, Nauk, SSSR, MTT,
No. 3, 1976,

12, Kharlamov, M, P,, On a particuiar class of integrals of equations of mot-
ion of a solid body, Dokl, Akad. Nauk UkrSSR, A, No. 2, 1977,

Translated by J.J. D,




